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Abstract. This work focuses on the study of quantum stochastic walks,
which are a generalization of coherent, i.e. unitary quantum walks. Our
main goal is to present a measure of a coherence of the walk. To this
end, we utilize the asymptotic scaling exponent of the second moment
of the walk i.e. of the mean squared distance covered by a walk. As
the quantum stochastic walk model encompasses both classical random
walks and quantum walks, we are interested how the continuous change
from one regime to the other influences the asymptotic scaling expo-
nent. Moreover this model allows for behavior which is not found in any
of the previously mentioned model – the model with global dissipation.
We derive the probability distribution for the walker, and determine the
asymptotic scaling exponent analytically, showing that ballistic regime
of the walk is maintained even at large dissipation strength.
1. Introduction
The examination of the interaction of the quantum system with the en-
vironment is important in quantum computing, where the environmental
interaction may destroy coherence and disturb quantum computation [1,2].
Stochastic walks governed by the Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) [3–5] equation can be used to examine the quantum system that
interacts with an environment [6]. Quantum walks [7] have been widely ap-
plied in quantum information theory for studying quantum transport [8], in-
terference [9], entanglement [10], measurement [11], entropy production [12],
topological phases [13], gauge theories [14] and relativistic quantum mechan-
ics [15] to name a few. There are also examples of application of the quantum
stochastic walk model outside the field of quantum information, such as the
description of production of radical pairs in biological structures [16].
In order to measure the coherence of such walks, we use the asymptotic
scaling exponent α of the mean squared distance covered by the walk [17–20]
that fulfills, for large times t, the following scaling law of the second moment
of frequency distribution of the walker position µ2(t) ∝ tα. It is important to
note here, that for the quantum walk on a closed system, the walk is ballistic
in the sense that α = 2 [21]. However if we introduce a local interaction
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with an environment, the normal diffusion regime α = 1 is reconstructed for
large t [22]. Remarkably, there are some quantum walks, where regardless of
the environment interaction, the ballistic regime (α = 2) is maintained [23].
1.1. The model. The quantum stochastic walk model was introduced by
Whitfield et al. [6]. It is based on the GKSL master equation
(1) ρ˙ = −i[H, ρ] +
∑
k
(
γkLkρL
†
k −
1
2
γk{L†kLk, ρ}
)
,
where we have set ~ = 1 and {A,B} denotes the anticommutator. In our
study we set all γk = 1. Furthermore, we introduce an additional parameter
ω ∈ [0, 1], which allows for a smooth transition from purely coherent to
purely dissipative evolution
(2) ρ˙ = −i(1− ω)[H, ρ] + ω
∑
k
(
LkρL
†
k −
1
2
{L†kLk, ρ}
)
.
As usual, we will take the Hamiltonian H to be the adjacency matrix A of
the underlying graph. Thus, in the case of a walk on a line, this matrix
has a very simple tridiagonal structure: 〈i|A|i + 1〉 = 〈i + 1|A|i〉 = 1 and
〈i|A|j〉 = 0 otherwise. After integrating Eq. (2) we obtain
(3) |ρ(t)〉〉 = Stω|ρ(0)〉〉,
where |ρ〉〉 denotes the vectorization of ρ and is defined as a linear operator
for which ||i〉〈j|〉〉 = |i〉|j〉. The operator Stω is
(4)
Stω = exp
[
−i(1− ω)t(H ⊗ 1l− 1l⊗H) + ωt
∑
k
Lk ⊗ Lk − 1
2
L†kLk ⊗ 1l−
1
2
1l⊗ LᵀkLk
]
.
Sometimes, for simplicity, we will write ρ(t) = Stω(ρ(0)) instead of Eq. (3).
The dissipative part of Eq. (2) allows us to recover a classical behavior of
the walk. To this end, we choose the following set of operators
(5) L =
{
L|L = 1
deg(m)
|n〉〈m|, (m,n) ∈ E
}
,
where E is the collection of edges of the graph and deg(x) denotes the degree
of a vertex. In the case of a walk on a line this reduces to
(6) L =
{
L|L = 1
2
|i〉〈i+ 1| ∨ L = 1
2
|i+ 1〉〈i|, i ∈ Z
}
.
In this case the Lindblad operators model a local continuous quantum
measurement. Invoking continuous measurement theory [24], we may inter-
pret these non-hermitian Lindblad terms as energy damping.
Now let us move to the global environment interaction case. This case is
interesting, since some coherence may be carried via an environment interac-
tion, sustaining the quantum walk regime even for relatively large environ-
mental interaction strength. To study this case, we use a single dissipation
operator
(7) LS =
∑
L∈L
L.
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Obviously we have LS = L
†
S . This operator allows us to achieve dynamics
which cannot be seen neither in the classical, nor in the quantum limit. In
the case of a walk on a line segment of length n, the operator LS has a
slightly different form
(8) 〈i|LS |i+ 1〉 = 〈i+ 1|LS |i〉 = 1
2
and 〈i|LS |j〉 = 0 otherwise.
Hence, in this case, the operator LS is given by a subset of n rows and the
corresponding n columns of the operator on a line. This operator represents
a continuous position measurement.
2. Probability distribution of stochastic quantum walks
Here we will derive the probability distributions for stochastic quantum
walks on a line segment and on an infinite line.
2.1. Stochastic quantum walk on a line segment. In this section we
derive the probability distribution of the quantum stochastic walk on a line
segment of length n for the case with a single dissipation operator, LS . We
have the following Theorem
Theorem 1. Given a stochastic walk on a line segment of length n with the
dissipation operator defined in Eq. (8) with some initial state ρ(0) = |l〉〈l|
where l ∈ {1, . . . , n}, the diagonal part of ρ(t) is given by
〈k|ρ(t)|k〉 =
(
2
n+ 1
)2 n∑
i,j=1
sin
(
kipi
n+ 1
)
sin
(
kjpi
n+ 1
)
sin
(
lipi
n+ 1
)
sin
(
ljpi
n+ 1
)
×
× exp
[
− t
2
ω(λi − λj)2
]
exp [2it(1− ω)(λi − λj))] ,
(9)
where
(10) λi = cos
(
ipi
n+ 1
)
.
Proof. Using Eq. (4) we have
(11)
Stω = exp
[
tω
(
LS ⊗ LS − 1
2
L2S ⊗ 1l−
1
2
1l⊗ L2S
)
− it(1− ω) (H ⊗ 1l− 1l⊗H)
]
.
Now we note that in the case of the walk on a line segment, we have 2LS = H
and [LS ⊗ LS , LmS ⊗ 1l] = 0. Hence, the eigenvectors of Stω are the same as
the eigenvectors of LS ⊗ LS . It is straightforward to check that
(12) Stω =
∑
i,j
exp(−ω t
2
(λi − λj)2) exp(2it(1− ω)(λi − λj))|λi, λj〉〈λi, λj |,
where λi and |λi〉 denote the eigenvalues and eigenvectors of LS . As LS is
a tridiagonal Toeplitz matrix its eigenvalues are given by [25]
(13) λj = cos
( jpi
n+ 1
)
,
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where 1 ≤ j ≤ n. Furthermore the elements of the eigenvectors matrix are
(14) 〈j|λi〉 =
√
2
n+ 1
sin
(
ijpi
n+ 1
)
= 〈i|λj〉.
From this we get that the elements of Stω in the computational basis are
〈γ, δ|Stω|κ, β〉 =
n∑
i,j=1
〈i|λκ〉〈j|λβ〉〈i|λγ〉〈j|λδ〉 exp(−ω t
2
(λi − λj)2) exp(2it(1− ω)(λi − λj)) =
=
(
2
n+ 1
)2 n∑
i,j=1
sin
(
κipi
n+ 1
)
sin
(
βjpi
n+ 1
)
sin
(
γipi
n+ 1
)
sin
(
δjpi
n+ 1
)
×
× exp(−ω t
2
(λi − λj)2) exp(2it(1− ω)(λi − λj)).
(15)
Putting κ = β = k and γ = δ = l we recover the desired result. 
Next, we will study the behavior of the walk for large time t. We have
the following result.
Proposition 2. Suppose we have a stochastic walk on a line segment of
length n described by Eq. (2). If ω ∈ (0, 1] and we start in some initial state
ρ(0) = |l〉〈l| for l ∈ {1, . . . , n}, than for t → ∞, ρ(t) converges to some ρ∞
such that:
(1) If n is odd and l = n+12 we have
(16) 〈k|ρ|k〉 =
{
2
n+1 , k = l,
1
n+1 , k 6= l.
(2) Otherwise, when l 6= n+12 we have
(17) 〈k|ρ|k〉 =
{
3
2(n+1) , k = l or k = n+ 1− l,
1
n+1 , otherwise.
The proof of Proposition 2 is presented in Appendix A.
2.2. Quantum stochastic walk on a line. In this section we derive the
probability distribution for a quantum stochastic walk on a line as a function
of the time t. We have the following theorem
Theorem 3. For a stochastic walk on a line with an initial state ρ(0) =
|0〉〈0|, the diagonal part of ρ(t) is given by
〈k|ρ(t)|k〉 = 1
4pi2
∫ pi
−pi
∫ pi
−pi
cos(kx) cos(ky) exp
[
−ω t
2
(cos(x)− cos(y))2
]
× exp [2it(1− ω)(cos(x)− cos(y))] dxdy.
(18)
Proof. In the case of a walk on a line segment [−n, . . . , n], after using simple
trigonometric identities and assuming n = 4m+ 3, m ∈ Z, from Theorem 1
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we get
〈k|ρ(t)|k〉 = 1
(n+ 1)2
n∑
i,j=−n
sin
(
kipi
2(n+ 1)
+
kpi
2
+
ipi
2
)
sin
(
kjpi
2(n+ 1)
+
kpi
2
+
jpi
2
)
×
× sin ipi
2
sin
jpi
2
exp
[
−ω t
2
(sin
pii
2(n+ 1)
− sin pij
2(n+ 1)
)2
]
×
× exp
[
2i(1− ω)t(sin pii
2(n+ 1)
− sin pij
2(n+ 1)
)
]
.
(19)
Note, that for even i or even j, the elements under the sum are equal to
zero. We get
〈k|ρ(t)|k〉 = 1
(n+ 1)2
∑
i,j odd
cos
(
kipi
2(n+ 1)
+
kpi
2
)
cos
(
kjpi
2(n+ 1)
+
kpi
2
)
×
× exp
[
−ω t
2
(
sin
pii
2(n+ 1)
− sin pij
2(n+ 1)
)2]
×
× exp
[
2i(1− ω)t
(
sin
pii
2(n+ 1)
− sin pij
2(n+ 1)
)]
.
(20)
Note, that the formula above is 1/4 of the Riemann sum of the function
f(x) = cos
(
kpix
2
+
kpi
2
)
cos
(
kpiy
2
+
kpi
2
)
exp
[
−ω t
2
(sin
pix
2
− sin piy
2
)2
]
×
× exp
[
2i(1− ω)t(sin pix
2
− sin piy
2
)
]
(21)
over the square [−1, 1]×[−1, 1] when we divide the region into equal squares.
Hence, taking the limit n→∞ we get
〈k|ρ(t)|k〉 =1
4
∫ 1
−1
∫ 1
−1
cos
(
kpix
2
+
kpi
2
)
cos
(
kpiy
2
+
kpi
2
)
exp
[
−ω t
2
(sin
pix
2
− sin piy
2
)2
]
×
× exp
[
2i(1− ω)t(sin pix
2
− sin piy
2
)
]
dxdy.
(22)
After substituting u = (x+1)pi2 and v =
(y+1)pi
2 we have
〈k|ρ(t)|k〉 = 1
pi2
∫ pi
0
∫ pi
0
cos(ku) cos(kv) exp
[
−ω t
2
(cosu− cos v)2
]
×
× exp [2i(1− ω)t(cosu− cos v)] dudv.
(23)
By symmetry with respect to x = 0 and y = 0 we obtain the result. 
3. Purity
Now we consider the purity of the state in a quantum stochastic walk on
a line segment as a function of the parameter ω. For the set of dissipation
operators given by Eq. (5) the behavior is not monotonic in ω. On the other
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hand, for the single dissipation operator given by Eq. (8), the purity is a
non-increasing function of ω.
Proposition 4. Let us assume 0 < ω1 < ω2 < 1. Then, given S
t
ω1, S
t
ω2
defined as in Eq. (4) and assuming a single dissipation operator LS given by
Eq. (7), the following holds
(24) Tr
[
Stω1(ρ)
]2 ≥ Tr [Stω2(ρ)]2
for all ρ.
In order to prove this proposition, we will need the following lemma
Lemma 5. Suppose ρ = Φ(σ), where Φ is a unital channel, i.e. Φ(1l) = 1l.
Let λ(ρ) denote the eigenvalues of ρ in a decreasing order. Then λ(ρ) ≺
λ(σ), where ≺ denotes the majorization relation..
Proof of Proposition 4. We assume 0 < ω1 < ω2 < 1, so ω2 = ω1+ε. Again,
using the fact that LS and H commute we obtain
(25) Stω2 = Sˆ
t
εS
t
ω1 ,
where
(26)
Sˆtε = exp
[
tε(LS ⊗ LS − 1
2
L2S ⊗ 1l−
1
2
1l⊗ L2S) + tεi(H ⊗ 1l− 1l⊗H)
]
.
Now, noticing that Sˆtε is unital, the Proposition follows from Lemma 5. 
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(a) Stochastic case
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(b) Classical case
Figure 1. Purity of final state for stochastic walk on a line
segment of length 400, with time 25 and the initial state is
|200〉〈200|.
Analyzing Fig. 1 one can see that the purity in the global dissipation case,
decreases rapidly with ω, and has sharp maximum at ω = 0. The conclusion
is that, if the ballistic regime, α = 2, is sustained for strong environment
interaction, ω → 1, it is not caused by a high purity.
PROPERTIES OF QUANTUM STOCHASTIC WALKS FROM THE ASYMPTOTIC SCALING EXPONENT7
4. The asymptotic scaling exponent approach
In this section we investigate the asymptotic scaling of the second central
moment of the frequency distribution of the walker position [26–28].
Remark 6. The asymptotic scaling exponent distinguishes between different
types of diffusion process [17–20]:
• if α < 1 the process is sub-diffusive,
• if α = 1 the process obeys a normal diffusion regime,
• if 1 < α < 2 the process is super-diffusive,
• if α = 2 the process obeys a ballistic diffusion regime.
For the standard Markovian random walk on a uniform lattice the asymp-
totic scaling exponent value is α = 1 [28]. For the quantum walk on such a
lattice it is α = 2 [29].
Consider now the general stochastic walk which is a combination of the
quantum walk, where α = 2, and purely dissipative stochastic walk, where
α = 1 no matter which of the studied dissipation operators are chosen. We
use the asymptotic scaling exponent to evaluate which regime, classical or
quantum, dominates the process for ω ∈ (0, 1).
Let us discuss now the procedure used to calculate the asymptotic scal-
ing exponent. The second moment of the probability distribution of the
stochastic walk at time t is given by
(27) µ2(t) =
∑
k
k2〈k|ρ(t)|k〉.
To compute the asymptotic scaling exponent we use the standard scaling
relation [17–20,27]
(28) µ2(t) ∝ tα,
We have the following results regarding the moments of the stochastic walk.
First, we calculate the mth central moment for a stochastic walk on a line.
Proposition 7. For a stochastic walk on a line with an initial state ρ(0) =
|0〉〈0|, ω = 1 and LS as in Eq (7), the m-th central moment µm(t) is poly-
nomial in t for m even and zero otherwise. Moreover for even m we have
(29) lim
t→∞
µm(t)
t
m
2
=
m!(
m
2
)
!8
m
2
(
m
m
2
)
.
The proof of Proposition 7 is given in Appendix B. From this, we get that
the second central moment has the form µ2(t) =
1
2 t.
Now, we move to the case of arbitrary non-zero ω. We study the leading
term in the mth central moment.
Proposition 8. For a stochastic walk on a line with an initial state ρ(0) =
|0〉〈0| and ω ∈ (0, 1), the m-th central moment µm(t) is polynomial in t for
even m and zero otherwise. Moreover for even m we have
(30) lim
t→∞
µm(t)
tm
=
(
m
m
2
)
(ω − 1)m.
Now, we calculate the second central moment. We get the following result.
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Proposition 9. For a stochastic walk on a line with an initial state ρ(0) =
|0〉〈0| and ω ∈ (0, 1] the second central moment is of the form
(31) µ2(t) = 2 (ω − 1)2 t2 + ω
2
t.
Proofs of Propositions 8 and 9 are given in Appendix C.
From these propositions, we get that the asymptotic scaling exponent in
the case of the Lindblad operator as in Eq (7) is:
(1) if ω 6= 1 (general stochastic walk case) we have α = 2,
(2) if ω = 1 (purely dissipative case) we have α = 1.
At first glance, this results seems to be quite surprising as the walk ex-
hibits ballistic behavior as long as we have a finite amount of a coherent
evolution. This effect can be explained as follows. If we have ω < 1, then
the quantum effects dominate the system, despite the measurement. How-
ever, if we turn off the coherent evolution, then we get a behavior determined
only by the random disturbances of the system due to the measurement. In
this case we get a behavior resembling a classical random walk in the sense
that α = 1.
On the other, when we consider the local dissipation, we get the opposite
result. In this case we get that α = 2 if ω = 0 and α < 2 if ω > 0.
This can be explained easily. As stated in the introduction, the Lindblad
terms in this case introduce energy damping to the evolution of the system.
If we have a system driven by a Hamiltonian H and perform a continuous
energy damping on it, then for large times t, the system becomes completely
classical.
5. Conclusions
In this work we studied the behavior of quantum stochastic walks on a
line and a line segments. We found an analytical formula for the proba-
bility distribution of the walk in the case of a global dissipation operator,
equivalent to a continuous position measurement. To measure the quan-
tum coherence of the walk, we used the asymptotic approach. Hence we
investigated the scaling of the second moment of the frequency distribution,
by means of the asymptotic scaling exponent, α. There are other known
approaches to quantifying quantumness in a quantum walk model. One of
the is the amount of needed corrections to the classical stationary state of
the walk to recover a time averaged quantum distribution [30]. The main
difference between this result and ours is the fact that our result applies to
arbitrary initial state, whereas the result from [30] requires that the initial
state is mostly in the ground space of the walk’s Hamiltonian.
In the case of the stochastic walk on a line, with the global dissipation
operator the ballistic propagation was demonstrated, since for large walk
time, the relation α = 2 holds. Importantly, such ballistic propagation
occurs for each strength of the dissipation as long as the Hamiltonian term
is present in the master equation. This result is surprising and in contrary
to the asymptotic behavior of the stochastic walk with local dissipation,
equivalent to continuous energy damping. In such case even small dissipation
leads to the classical propagation of the walk and α = 1 for large time of
the walk.
PROPERTIES OF QUANTUM STOCHASTIC WALKS FROM THE ASYMPTOTIC SCALING EXPONENT9
If we analyze the asymptotic behavior, the global dissipation leads to
a quantum-like propagation. This result is interesting while constructing
quantum system that is supposed to keep the coherence regardless of an
environmental interaction. Such observation may be useful in a quantum
computer development, where maintaining quantum coherence is crucial.
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Appendix A. Proof of Proposition 2
First, we will need a couple of technical lemmas:
Lemma 10 ( [31]). For arbitrary n ∈ N and x ∈ R such that x 6= kpi2 for
k ∈ Z
(32)
n∑
i=1
sin4(ix) =
1
8
(
3n− 4cos ((n+ 1)x) sin(nx)
sin(x)
+
cos (2(n+ 1)x) sin(2nx)
sin(2x)
)
.
Lemma 11 ( [31]). For arbitrary n ∈ N and x ∈ R such that x 6= 2kpi for
k ∈ Z
(33)
n∑
h=1
cos(hx) =
1
2
(
sin
(
2n+1
2 x
)
sin
(
x
2
) − 1) .
Now, we are ready to prove Proposition 2
Proof of Proposition 2. By Theorem 1 we have
(34) lim
t→∞ ρkk =
(
2
n+ 1
)2 n∑
i=1
sin2
(
kipi
n+ 1
)
sin2
(
lipi
n+ 1
)
.
Now we analyze the sum above. Suppose k = l. Then we have
(35) ρkk =
(
2
n+ 1
)2 n∑
i=1
sin4
(
ikpi
n+ 1
)
.
Suppose k 6= n+12 . By Lemma 10 the sum above equals
ρkk =
(
2
n+ 1
)2 1
8
3n− 4cos(pik) sin
(
npik
n+1
)
sin
(
pik
n+1
) + cos(2pik) sin
(
2pink
n+1
)
sin
(
2pik
n+1
)

=
(
2
n+ 1
)2 1
8
3n+ 4(−1)k(−1)k sin
(
pik
n+1
)
sin
(
pik
n+1
) − sin
(
2pik
n+1
)
sin
(
2pik
n+1
)

=
(
2
n+ 1
)2 1
8
(3n+ 4− 1) = 3
2(n+ 1)
,
(36)
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since cos(kpi) = (−1)k and sin nkpin+1 = −(−1)k sin pikn+1 and similarly for second
formula. Now suppose k = n+12 . Then
ρkk =
(
2
n+ 1
)2 n∑
i=1
sin4
(
ikpi
n+ 1
)
=
(
2
n+ 1
)2 n∑
i=1
sin4
(
ipi
2
)
=
(
2
n+ 1
)2 2n+ 1 + (−1)n+1
4
=
(
2
n+ 1
)2 n+ 1
2
=
2
n+ 1
,
(37)
since l = n+12 implies n+ 1 is even.
Suppose we have k + l = n+ 1. Then
ρkk =
(
2
n+ 1
)2 n∑
i=1
sin2
(
(n+ 1− k)ipi
n+ 1
)
sin2
(
ikpi
n+ 1
)
=
(
2
n+ 1
)2 n∑
i=1
sin4
(
ikpi
n+ 1
)
=
3
2(n+ 1)
.
(38)
Suppose now that k 6= l and k 6= n+ 1− l. Then by formula
(39)
sin2(x) sin2(y) =
1
8
(cos(2x− 2y) + cos(2x+ 2y)− 2 cos(2x)− 2 cos(2y) + 2)
and by Lemma 11 we have
ρkk =
(
2
n+ 1
)2 1
16
2 + 4n− 2sin
(
l(2n+1)pi
n+1
)
sin
(
lpi
n+1
) + sin
(
(k−l)(2n+1)pi
n+1
)
sin
(
(k−l)pi
n+1
)
+
sin
(
(k+l)(2n+1)pi
n+1
)
sin
(
(k+l)pi
n+1
) − 2sin
(
k(2n+1)pi
n+1
)
sin
(
kpi
n+1
)

=
1
4(n+ 1)2
2 + 4n+ 2sin
(
lpi
n+1
)
sin
(
lpi
n+1
) − sin
(
(k−l)pi
n+1
)
sin
(
(k−l)pi
n+1
) − sin
(
(k+l)pi
n+1
)
sin
(
(k+l)pi
n+1
) + 2sin
(
kpi
n+1
)
sin
(
kpi
n+1
)

=
4(n+ 1)
4(n+ 1)2
=
1
n+ 1
.
(40)

Appendix B. Proof of Proposition 7
First we need a couple of technical lemmas:
Lemma 12 ( [31]). For arbitrary α ∈ R, n,m ∈ N such that m ≤ n we have
(41)
n∑
k=0
(−1)k(k − α)m
(
n
k
)
=
{
0, m < n,
(−1)nn! m = n.
Lemma 13 ( [31]). For arbitrary n, p ∈ N such that p ≤ n we have
(42)
n−p∑
k=0
(
n
k
)(
n
p+ k
)
=
(
2n
n− p
)
.
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Lemma 14. For arbitrary k, l ∈ N we have
(43)∫ pi
−pi
cos(kx) [cos(x)]l dx =
{
2pi
2l−k
(l−k
l−k
2
)∏k−1
i=0
l−i
l+k−2i , l ≥ k and l = k mod 2,
0, otherwise.
Proof. Using the formula [31]
(44)∫
[cos(x)]l cos(kx)dx =
1
l + k
[
(cos(x))l sin(kx) + l
∫
[cos(x)]l−1 cos((k − 1)x)dx
]
we obtain
(45)
∫ pi
−pi
[cos(x)]l cos(kx)dx =
l
l + k
∫ pi
−pi
[cos(x)]l−1 cos((k − 1)x)dx.
Moreover for arbitrary l ∈ N we have [31]
(46)
∫
[cos(x)]2l dx =
1
4l
(
2l
l
)
x+
2
4l
l−1∑
k=0
(
2l
k
)
sin((2l − 2k)x)
2l − 2k ,
which provides us the formula
(47)
∫ pi
−pi
[cos(x)]2l dx =
2pi
4l
(
2l
l
)
.
Suppose l < k. Then using Eq. (45) we have
(48)
∫ pi
−pi
[cos(x)]l cos(kx)dx =
l−1∏
i=0
l − i
l + k − 2i
∫ pi
−pi
cos((k − l)x)dx = 0.
If l ≥ k, then we obtain
(49)
∫ pi
−pi
[cos(x)]l cos(kx) =
k−1∏
i=0
l − i
l + k − 2i
∫ pi
−pi
cosl−k(x)dx.
If l− k is odd, then the integral equals 0. Otherwise using Eq. (47) we have
(50)
∫ pi
−pi
cos(kx) cosl(x) =
2pi
2l−k
(
l − k
l−k
2
) k−1∏
i=0
l − i
l + k − 2i .

Proposition 15. For a stochastic walk on a line with an initial state ρ(0) =
|0〉〈0| and ω = 1, the ρkk(t) has series representation with respect to t of the
form
(51) ρkk(t) =
∞∑
n=|k|
(−1)n+k
8n
(
2n
n
)(
2n
n+ k
)
tn
n!
.
Proof. Since the elements ρkk(t) are symmetric with respect to k = 0, we
assume k ≥ 0. By Theorem 3 we have
(52)
ρkk(t) =
1
4pi2
∫ pi
−pi
∫ pi
−pi
cos(kx) cos(ky) exp
[
− t
2
(cos(x)− cos(y))2
]
dxdy.
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Suppose we have the Taylor series representation ρkk(t) =
∑∞
n=0
An,k
n! t
n.
Then An,k is of the form
An,k =
(−1)n
4 · 2npi2
∫ pi
−pi
∫ pi
−pi
cos(kx) cos(ky) (cos(x)− cos(y))2n dxdy
=
(−1)n
4 · 2npi2
2n∑
l=0
(
2n
l
)
(−1)l
∫ pi
−pi
cos(kx) [cos(x)]l dx
∫ pi
−pi
cos(ky) [cos(y)]2n−l dy.
(53)
Let us define for simplicity
(54)
An,k,l =
(
2n
l
)
(−1)l
∫ pi
−pi
cos(kx) [cos(x)]l dx
∫ pi
−pi
cos(ky) [cos(y)]2n−l dy.
By Lemma 14 we have that An,k,l is non-zero when k− l is even and has the
form
(55)
An,k,l =
(−1)l4pi2
22n−2k
(
2n
l
)(
l − k
l−k
2
)(
2n− l − k
n− l+k2
) k−1∏
i=0
l − i
l + k − 2i
2n− l − i
2n− l + k − 2i .
In particular, we note that for n < k we have An,k = 0.
Again it is straightforward to find
(56) An,k,k =
(−1)k4pi2
4n
(
2n
n
)(
n
k
)
and
(57)
An,k,l+2
An,k,l
=
(n− l−k2 )(n− l−k2 )
( l+k2 + 1)(
l−k
2 + 1)
.
Note that we increment l by two instead of one because of the assumption
that l − k is even. One can verify, that the An,k,l is of the form
(58) An,k,l =
(−1)k4pi2
4n
(
2n
n
)(
n
l+k
2
)(
n
l−k
2
)
,
and hence have
An,k =
(−1)n
4 · 2npi2
∑
l∈{k,k+2,...,2n−k}
An,k,l
=
(−1)n+k
8n
(
2n
n
) ∑
l∈{k,k+2,...,2n−k}
(
n
l+k
2
)(
n
l−k
2
)
=
(−1)n+k
8n
(
2n
n
) n−k∑
l=0
(
n
l + k
)(
n
l
)
=
(−1)n+k
8n
(
2n
n
)(
2n
n+ k
)
,
(59)
where in the third line we change the indices range and in the last line we
use Lemma 13. 
Now we are ready to prove Proposition 7.
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Proof of Proposition 7. Note that odd moments equals 0 by symmetry of
the probability distribution. Suppose m is even and m > 0. Then by
Proposition 15 we have
µm(t) =
∞∑
k=−∞
km
∞∑
n=|k|
(−1)n+k
8n
(
2n
n
)(
2n
n+ k
)
tn
n!
=
∞∑
n=0
(−1)n
8n
(
2n
n
)
tn
n!
n∑
k=−n
km(−1)k
(
2n
n+ k
)
=
∞∑
n=0
1
8n
(
2n
n
)
tn
n!
2n∑
k=0
(k − n)m(−1)k
(
2n
k
)
.
(60)
By Lemma 12 formula above can be simplified
(61) µm(t) =
m
2∑
n=1
1
8n
(
2n
n
)
tn
n!
2n∑
k=0
(k − n)m(−1)k
(
2n
k
)
,
hence the m-th central moment is a polynomial of degree m2 with respect to
t. Moreover, the coefficient next to t
m
2 is
(62) am
2
=
m!(
m
2
)
!8
m
2
(
m
m
2
)
.

Appendix C. Proof of Propositions 8 and 9
proof of Proposition 8. Case ω = 1 was already considered in Theorem 7.
Suppose ω ∈ (0, 1). As in Appendix B, we start by finding the Taylor
series representation for the probability distribution. If we denote ρkk(t) =∑∞
n=0
Bn,k
n! t
n, then one can find that Bn,k is of the form
Bn,k =
n∑
l=0
(
n
l
)
1
4pi2
∫ pi
−pi
∫ pi
−pi
cos(kx) cos(ky)
(−ω)n−l
2n−l
×
× (cos(x)− cos(y))2n−l2lil(1− ω)ldxdy.
(63)
Since ρkk(t) ∈ R, we can exclude the imaginary terms and we can simplify
the formula
Bn,k =
bn
2
c∑
l=0
(
n
2l
)
8lωn−2l(1− ω)2l×
× (−1)
n−l
2n−l4pi2
∫ pi
−pi
∫ pi
−pi
cos(kx) cos(ky)(cos(x)− cos(y))2n−2ldxdy
=
bn
2
c∑
l=0
(
n
2l
)
8lωn−2l(1− ω)2lAn−l,k.
(64)
From Appendix B we know, that An,k is of the form
(65) An,k =
{
0, |k| > n,
(−1)n+k
8n
(
2n
n
)(
2n
n+k
)
, |k| ≤ n.
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In our case we have the condition |k| ≤ n− l2 ≤ n. Hence we conclude, that
Bn,k is of the form
(66)
Bn,k =
(−1)n+k
8n
min(bn
2
c,n−|k|)∑
l=0
(
n
2l
)
82lωn−2l(1−ω)2l(−1)l
(
2n− 2l
n− l
)(
2n− 2l
n− l + k
)
.
Therefore for even m we have
µm(t) =
∞∑
k=−∞
km
∞∑
n=0
Bn,k
tn
n!
=
∞∑
n=0
tn
n!
n∑
k=−n
kmBn,k
=
∞∑
n=0
(−1)ntn
8nn!
n∑
k=−n
km(−1)k
min(bn
2
c,n−|k|)∑
l=0
(
n
2l
)
82lωn−2l(1− ω)2l(−1)l
(
2n− 2l
n− l
)(
2n− 2l
n− l + k
)
=
∞∑
n=0
n∑
k=−n
min(bn
2
c,n−|k|)∑
l=0
Cn,l,tω
n−2l(1− ω)2l(−1)kkm
(
2n− 2l
n− l + k
)
,
=
∞∑
n=0
bn
2
c∑
l=0
Cn,l,tω
n−2l(1− ω)2l
n−l∑
k=−(n−l)
(−1)kkm
(
2n− 2l
n− l + k
)
,
=
∞∑
n=0
bn
2
c∑
l=0
Cn,l,tω
n−2l(1− ω)2l(−1)n−l
2n−2l∑
k=0
(−1)k(k − (n− l))m
(
2n− 2l
k
)
,
(67)
where
(68) Cn,t,l =
(−1)ntn
8nn!
82l(−1)l
(
n
2l
)(
2n− 2l
n− l
)
.
Let us denote
(69) α2n−2l,m =
2n−2l∑
k=0
(−1)k(k − (n− l))m
(
2n− 2l
k
)
.
From Lemma 12 α2n−2l,m is nonzero if m ≥ 2n− 2l ⇐⇒ l ≥ n− m2 . Hence
Eq. (67) can be simplified
µm(t) =
∞∑
n=0
bn
2
c∑
l=n−m
2
Cn,l,t(−1)n−lωn−2l(1− ω)2lα2n−2l,m(70)
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The condition n− m2 ≤ l ≤ bn2 c implies 0 ≤ n ≤ m. Hence, we have
µm(t) =
m∑
n=0
bn
2
c∑
l=n−m
2
Cn,l,t(−1)n−lωn−2l(1− ω)2lα2n−2l,m
=
m∑
n=0
bn
2
c∑
l=n−m
2
(−1)ntn
8nn!
82l(−1)n
(
n
2l
)(
2n− 2l
n− l
)
ωn−2l(1− ω)2lα2n−2l,m
=
m∑
n=0
βn,ωt
n.
(71)
Let us calculate the leading term, βm,ω. Then we have l ∈ {m2 } and n = m
and m is even.
βm =
bm
2
c∑
l=m−m
2
(−1)m
8mm!
82l(−1)m
(
m
2l
)(
2m− 2l
m− l
)
ωm−2l(1− ω)2lα2m−2l,m
=
1
8mm!
8m
(
m
m
)(
m
m
2
)
(1− ω)mαm,m
=
1
m!
(
m
m
2
)
(1− ω)m(−1)mm! =
(
m
m
2
)
(1− ω)m,
(72)
where we used the fact, that αm,m = (−1)mm! by Lemma 12. 
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